Homotopy groups and periodic geodesies of closed 4-manifolds 



Samik Basu, Somnath Basu 



Abstract 

Given a simply connected, closed four manifold, we associate to it a simply connected, closed, spin five 
manifold. This leads to several consequences : the stable and unstable homotopy groups of such a four 
manifold is determined by its second Betti number, and the ranks of the homotopy groups can be explicitly 
calculated. We show that for a generic metric on such a smooth four manifold with second Betti number at 
least three, the number of geometrically distinct periodic geodesies of length at most I grow exponentially 
as a function of I. The preceding consequences are also applicable to closed manifolds which have finite 
fundamental group. 
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1 Introduction 

Questions regarding classification of manifolds present themselves naturally in diverse examples. There 
are questions that, in disguise, straddle the worlds of topology and geometry. For each conjugacy class in 
the fundamental group of a Riemannian manifold we get a periodic geodesic]^ by looking at a closed curve 
representative which minimize length. Moreover, these are geometrically distinct]^ In dimensions up to three, 
the fundamental group has a stronghold on the geometry of the space, and any such topological manifold has 
a unique smooth structure. Since any closed, oriented three manifold is the boundary of a four manifold, we 
may use this a bridge to navigate between these dimensions whenever applicable. Techniques of surgery theory 
has been used succesfuUy to obtain information in dimension five or higher. 

In dimension four the theory is simultaneously rich and mysterious enough for topologists and geome- 
ters alike. Among the vast literature we only mention the celebrated results of Freedman and Dolandson, 
and Taubes' proof of existence of exotic smooth structures on M"'. It is known that any finitely presented 



^In the literature the term closed geodesies are often used instead of periodic geodesies. 

^Two periodic geodesies are called geometrieally distinct if one is not a rotation or an iterate of the other. 



group is the fundamental group of a closed four manifold. The undecidability of the word problem for groups 
is especially relevant while trying to classify four manifolds. By early works of Whitehead and Milnor it is 
known that the intersection form determines the homotopy type of simply connected, closed four manifolds. 
This intersection pairing can also be interpreted as a relation on Whitehead products of elements of the second 
homotopy group. 

We reveal a connection between the topology and geometry of closed four manifolds (with finite fun- 
damental group) by answering two questions : how fast do the homotopy groups grow? how many periodic 
geodesies are there? The first question is topological in nature and our analysis works for four manifolds which 
are not necessarily smoothable. The second question is differential geometric and is meaningful in the context 
of Riemannian manifolds. Our proposed solutions to both these queries live in the realm of algebraic topology 
and homotopy theory. Our main construction is to assign a simply connected, closed, spin 5-manifold to every 
simply connected, closed, topological 4-ma,miold. This association is made through principal circle bundles and 
a crucial ingredient is the knowledge [19| of the diffeomorphism type of such 5-manifolds. The first imprint of 



this basic idea results in (cf. Theorem |2.l[ Theorem 2.5 Theorem 2.7) the following : 



Theorem A. Let M be a simply connected, closed A-manifold with second Betti number k. 

(i) The homotopy groups of M are determined by the second Betti number. In particular, if k > 1 then for 
J>3 

(ii) If k > I then the stable homotopy groups are given by 

where tt^ is the n^^ stable homotopy groups of spheres. 

Concerning the topological question recall that a simply connected, closed manifold M is called ratio- 
nally elliptic if the sum of the ranks of the rational homotopy groups is finite. A manifold is called rationally 
hyperbolic otherwise. Being rationally elliptic imposes constraints strong enough to consider rationally hyper- 



bolic as a generic condition on manifolds. Our second result (cf. Theorem 4.9 Corollary 4.12) is the following 



Theorem B. Let M be a simply connected, closed A-manifold with second Betti number fc > 3. For each 
j > 2 there exists a polynomial Pj{x) of degree j and top coefficient 1/j such that 

rank7rj+i(M) = Pj{k - 1). 

In particular, M is rationally hyperbolic. 

That any 4-manifold as above is rationally hyperbolic is well known (cf. Example 3.8 in [8 ) and follows rather 
tamely from our result. The significance of the theorem lies in its quantitative nature; we provide explicit 
formula for the ranks of the homotopy groups which can be recursively calculated. As far as the literature of 
topological four manifolds is concerned, this is a new result! It is worthwhile pointing out that our scheme of 
computing these groups are quite general, combining carefully culled inputs from rational homotopy theory 
and Koszul duality of associative algebras. In fact, we compute the homotopy groups of the associated 5- 
manifold and this method applies to a larger class of manifolds. 

Regarding the geometric question, the study of periodic geodesies has received much attention over 
the years. It can be traced back to J. Hadamard, H. Poincare and G. Birkhoff among others. The natural 
question, given a compact Riemannian manifold of dimension greater than one, is : 

Does there exist infinitely many geometrically distinct periodic geodesies? 

Since periodic geodesies are the critical points of the energy function on the free loop space, Morse theory has 
been applied in uncovering relationships between periodic geodesies in M and the topology of the free loop 
space LM . The most important is perhaps the theorem of Gromoll and Meyer jTUI which states that if the 
Betti numbers of LM are unbounded then M admits infinitely many geometrically distinct periodic geodesies 
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in any metric. Inspired by this result and combining the power of rational homotopy theory, V-Poirier and 
Sullivan |21j found an affirmative answer to the original question when M has a finite fundamental group, and 
the real cohomology ring of M or any of its covers require at least two generators. 

However, the question for spaces with monogenic cohomology ring is hard even in the classical case of 
spheres. In the early nineties, using the work of Franks [9 , Bangert [5] (also cf. jT^]) proved that the answer is 
affirmative for any Riemannian metric on S"^. Of particular interest is the result |5] of Duan and Long that for 
any closed, simply connected Riemannian 4-manifold there exists at least two geometrically distinct periodic 
geodesies. However, almost all known results either require some restrictions on the curvature or holds only 
for generic metrics. 

A metric is called bumpy if for each critical point c of the energy function, the circle S^{c) obtained by 
rotating c, is a nondegenerate critical submanifold of LM. Due to Abraham [T] (also cf. P]) the set of bumpy 
metrics is dense in the Frechet space of all the possible metrics on M, and can be thought of as a generic 
condition. We may ask the following question : 

Does there exist infinitely many geometrically distinct periodic geodesies for a generic metric? 

An attempt |14j has been made by Klingenberg to settle the question, both for any metric and for a generic 
metric. At present, the status of this conjecture is open. 

Let riT be the number of geometrically distinct periodic geodesies of length at most T. In Gromov 
gave a quantitative version of GromoU-Meyer's result by giving an estimate for nx in terms of the Betti 
numbers hi{LM)''s of the free loop space if the metric is bumpy. Later Ballmann and Ziller [4 improved this 
result : for any bumpy metric on a simply connected manifold M there exists positive constants a and h such 
that for sufficiently large T 

(1.1) nx > a max br,(LM). 

p<bT 

In particular, if the Betti numbers grow exponentially then so does the function ut- Assuming genericity on 
the part of manifolds one has the following (cf. §5.1 of [S]) : 

Conjecture. (Gromov) 

Let M be a closed, rationally hyperbolic manifold. For a generic metric on M the function ut has exponential 
growth. 



Our result (cf. Theorem 3.9 Corollary 3.101 is the following : 



Theorem C. Let M be a simply connected, closed, smooth A-manifold with second Betti number at least 3. 
Then for a generic metric on M the number of geometrically distinct periodic geodesies of length at most i 
grows exponentially as a function of L 



An easy geometric argument (cf. Corollary 3.151 implies that Theorem C holds for closed 4-manifolds with 
finite fundamental group if the rank of its second homotopy group is at least 3. It is expected that this result 
is sharp. As a consequence of Theorem C we have a verification of Gromov's conjecture in dimension four. 

Outline of the paper : In ^ we explain how to assign a smooth, simply connected, closed, spin 
5-manifold E to any simply connected, closed 4-manifold M resulting in (i) of Theorem A. We do this first 
for smooth 4-manifolds and the role of the second Stiefel- Whitney class is firmly established. Subsequently 



we prove this for topological 4-manifolds. In \2.1 we establish (ii) of Theorem A, i.e., the stable homotopy 
groups of a M are determined by its second Betti number k. In ^we use a result of Lambrechts jTS], which 
implies that the Betti numbers of LE have exponential growth, as a starting point to prove Theorem C, i.e., 
the Betti numbers of LM have exponential growth too! This follows from a delicate and careful analysis of 
spectral sequences. In Qwe prove Theorem B, i.e., compute the ranks of the homotopy groups of M. We do 
this in §4.1| by computing the homotopy groups of E, which is a circle bundle over M. Our methods work 
for a larger class of spaces which includes E. Our scheme is to use Milnor-Moore's theorem [TS] as a common 
point to merge relevant ideas arising from rational homotopy theory and Koszul duality of associative algebras. 
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Rational hyperbolicity follows trivially from stronger deductions we make on the rational homotopy groups of 
M. Moreover, an explicit formula for the ranks of these groups is given. In §4.2| we prove the details of a key 
proposition used to prove Theorem B. 

Acknowledgements : The authors would like to thank Professor John Morgan for some clarifying 
insights that were useful during the early stages of work on ^ 



2 Associating five manifolds to four manifolds 

We describe a construction which assigns a smooth, simply connected, closed, spin manifold of dimension 
five to a closed, simply connected 4-manifold. The power of the construction arises primarily from : 

(i) one can identify the diffeomorphism type of this five dimensional manifold; 

(ii) the 4-manifold is topological. 

We start by proving the following theorem for a simply connected, closed smooth 4-manifold. 

Theorem 2.1. For a simply connected, closed smooth A-manifold M the homotopy groups are determined by 
its second Betti number. In particular, if M satisfies H2{M;'Z) — iJ^ then 

TTi{M) = TT,{#^-^S'^ X 5-3), i > 3. 

Our proof makes crucial use of a classical result of S. Smale. Therefore, before embarking on a proof, let's 
recall Smale 's classification result jl9]. 

Theorem 2.2. (Smale '62) Diffeomorphism classes of smooth, simply connected, closed, spin 5-manifolds 
are in bisection with finitely generated abelian groups. The correspondence is given by 

N — > H^2""'{N;Z)®T 

where Tot{H2{N;'Z,)) = T (B T is direct sum decomposition of the torsion subgroup. Moreover, in the case of 
simply connected manifolds, any N with H2{N;Z) = Z*"' is diffeomorphic to S'^ x . 

We will also need the following. 

Lemma 2.3. Let AI be a simply connected, closed, smooth A-manifold with H2{M;Z) = iJ^ . Then there is a 
fibration ^ E ^ M such that E is simply connected and spin with H2{E;Z) = Z''"^. 

Proof. To construct E we need to deal with two cases - either M is spin or it's not. If M is spin, then choose 
any element a from a basis of H'^{M;Z) = [A/, CP°°]. On the other hand, if AI is not spin then the second 
Stiefel- Whitney class W2 is the reduction of some integral class a, which can be chosen such that it extends to 
a basis of iJ^(M;Z). In either case, since a corresponds to a homotopy class [/] of maps, let / : M — CP°° 
be a representative. In fact, one can assume that / is cellular and f : M CP^. Let £: := f*S^ denote the 
puUback of the circle bundle over CP^. Note that E is the associated circle bundle of the line bundle /*7 
where 7 is the canonical line bundle over CP^. By definition, a generator of iJ'^(CP^;Z) maps to a under /*. 
This implies ci{f*j) = a. Therefore, one has the Gysin sequence 

> H\M;Z) ^ H'+^{AI;Z) H'+^{E;Z) ^ W+^{AI;Z) ■ ■ ■ . 

The Gysin sequence yields exact sequences 

(2.1) — > H\E;Z) — > H°{M;Z) ^ H^{AI:Z) ^ H^{E:Z) — > 

(2.2) H^{E;Z) ^ H^{AI-Z) ^ H^{M-Z) ^ H^{E-Z) . 
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The first sequence ( |2.1[ ) implies H^{E]'L) = and H'^{E;Z) ~ ^. It follows from the miiversal coefficient 
theorem that Hi{E;Z) = 0. The long exact sequence of homotopy groups imply 



> TT2{E) > Tr2(X) >Z > TTl{E) — > 0. 

In particular, tti{E) is a cyclic group and hence abelian. Therefore, tti{E) = Hi{E;Z) ~ 0, E is simply 



connected and hence orientable. Finally, by Poincare duality H*{E;'Z) — 0. The equations (2.1 1,(2.2 1 demon- 
strate that H'^{E;Z) ^ iJ"-^ = H^{E;Z). 

Observe that E is foliated by circles, which carry a nowhere vanishing vector field. This results in a 
line bundle L over E; any such line bundle is trivial as E is simply connected. Since E is the total space of 
fibration, 

TE = TT* (TM) ®L = TT* (TM) E. 

Therefore, 

W2{E) = W2{tT*{TM)) = TT*{W2{M)) = TT* {o) = 

by construction, and E is spin. □ 
Proof of Theorem |2.1[ Let Mi and M2 be two smooth, simply connected and closed 4-manifolds with 



the same second Betti number k. By Lemma 2.3 we have two simply connected, closed, spin 5-manifolds 
El and E2, which are also circle bundles over Mi and M2 respectively. By Smale's result Ei and E2 are 
mutually diffeomorphic as they are both diffeomorphic to ^''^^S'^ x S^. Therefore, it follows from the long 
exact sequence of the circle fibrations that 

n,{Mi) = n,{Ei) - ^,(^2) - 7r,(M2), i > 3. 

Since 7r2(A/i) — tt2{M2) — Z*^ by Hurewicz isomorphism, we conclude the result. □ 

We want to extend the above construction to topological 4-manifolds X which are not necessarily smooth. 
The argument above fails in such a case as it uses the notion of tangent bundles. In this case define Vi{X) e 
H^{X;'Z/2) to be the cohomology class satisfying 

xU Vi = Sq* (x) 

for any x G ir'*"^(X; Z2). We then define ■w^{X) e H'{X;Z2) by the equatioij^ 

1 -t- Wi + W2 W3 + W4 = (1 + Sq^ + Sq^ + Sq^)(l + Vi + V2 + V3 + ^4). 

If X is simply connected we have vi ~ 0, whence w\ ~ 0. Therefore, the above equation implies that W2 = ^2- 
We prove an analogue of Lemma |2.3| 



Lemma 2.4. Let X be a simply connected, closed A-manifold with H2{X) = Z*^. Then there exists a circle 
bundle ^ E ^ X such that E is a smooth 5-manifold which is simply connected and spin. In addition, 
H2{E)^Z''-\ 

Proof. We have two cases according to W2{X) — and W2{X) 7^ 0. If W2{X) = 0, then choose any primitive 
element a of H'^{X;'Z) = [X,CF°°] = Z^, i.e., a is not divisible by any other element. On the other hand, if 
W2{X) 7^ then W2{X) is of the form a (mod 2) for some primitive element a of iJ^(X;Z). In either case, a 
corresponds to a homotopy class [/] for / : X — > CV°° which may assumed to be cellular, i.e., / : X — > CP^. 
Let E := f*S^ denote the p uUback of the circle bundle over CP^. It follows from the first part of the argument 
in the proof of Lemma [2. 3| that E is closed, simply connected 5-manifold with H^{E;Z) = Z*^"^. 

We know that |T3] a topological manifold Y admits a PL-structure if and only if the Kirby-Siebenmann 
class e{E) e H'^(Y]Z2) vanish. In our case, Z2) = and E admits a PL-structure. In follows from 

the work of various people (cf. [17] for a detailed history) that in dimension 7 or lower every PL-structure 
possesses a compatible smooth structure. This smooth structure is unique up to diffeomorphism for dimension 
6 or lower. In particular, i? is a smooth manifold. 



^The reader should recall Wu's formula which presents the total Stiefel- Whitney class as the Steenrod square of the Wu class. 
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It remains to verify that E is spin. Let T{f*^) denote the Thom space of the bundle /*7. The Thom 
isomorphism theorem states that i/^+'^(T(/*7)) = H'^{X) and the isomorphism is induced by multiplication 
with the Thom class of the bundle. The Thom space can be identified with 'D{f*j)/S{'-f) where 'D{f*j) is 
the disk bundle associated to f*j which is homotopy equivalent to X, and S{'^) = E. In cohomology with 
Z2-coeflicients we have the long exact sequence 

> W{T{r^);Z2) H\X-Z2) ^ H\E-Z2) W+^TU*^)-^^) ■ ■ ■ . 

We will prove that Sq^(a) = for all a G H*{E;Z2). Note that 

Z2 if fc = 0, 5 

■•2 



H''{E:Z2) = { Z\-^ if fc = 2,3 
otherwise. 



Hence, Sq^ : H\E;Z2) H'+^{E- Z2) maps a € W{E;Z2) to for all i ^ 3. Note that from the Thom 
isomorphism 

f Z2 iffc = 0,2,6 
H\T{f-i)- Z2) Z\ if fc = 4 
[ otherwise 

The long exact sequence above implies the map H^E; Z2) H^^^{T{f*j);Z2) is injective for j — 3,5. Since 
this comes from the boundary map of the long exact sequence it preserves the Sq^-action, i.e., we have the 
commuting diagram 

H^{E;Z2) H\T{r^);Z2) 



Sq^ 



W [E; Z2) H\T if* -f);Z2) 

Therefore, it suffices to show that Sq^ is zero on the image Z2)). Let (f> e iJ^(T(/*7); Z2) be the 

Thom class of f*j; this maps to a (mod 2) under the map i/^(r(/*7); Z2) H'^{X;Z2)- We call this class 
a as well. 

Suppose first that W2iX) = 0, which means Sq^(A) = for all A G H'^{X;Z2). The group iJ'*(T(/*7); Z2) 
consists of products X(j) for A S H'^{X;Z2). Then 

Sq2(A0) = Sq'(A)0 + Sql(A)Sql(0) + ASq'((/.) = (Aa)0. 

Thus, Sq^{\(f>) 7^ if and only if Aa 7^ 0. The latter condition implies that under the map 

H^{T{f*L);Z2) — > H^{X;Z/2) 

the element \(f) is sent to Aa. Consequently, A0 does not lie in the image of H'^{E\Z2), whence Sq^ vanishes 
on i{H^{E; Z2). 

Now suppose W2 (X) ^ 0. Then = Sq^{a) ^ since multiplication by a is the operation Sq^ which by 
assumption is non-zero. In this case 

Sq2(A0) = Sq^{X)(j) + Sq^(A)Sq^(0) + ASq^((/)) Xacf) + Xa<j> = 0. 

We conclude that the action of Sq^ on H*{E] Z2) is 0. This implies that V2{E) = 0. We already have that 
vi{E) — since E is simply connected. Therefore, W2{E) = 0. By Wu's formula, we have W2{E) = W2{TE), 
and therefore, E is spin. □ 

We can now conclude an analogue of Theorem |2.1[ 

Theorem 2.5. For a simply connected, closed A-manifold X the homotopy groups are determined by its second 
Betti number. In particular, if X satisfies H2{X;Z) = Z'' then 

TT,{X) = 7T,i#''-^S^ X S""), I > 3. 
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Proof. Let Xi and X2 be two simply connected, closed 4-manifolds with the same second Betti number 



k. By Lemma 2.4 we have two spin (i.e, smooth, simply connected, closed and spin) 5-manifolds Ei and E2, 
which are also circle bundles over Xi and X2 with isomorphic homology groups. By Smale's result Ei and 
E2 are mutually diffeomorphic and they are both difFeomorphic to ^^^^S'^ x . Therefore, we conclude the 
result as before. □ 



Example 2.6. (Four manifolds of rank two) Let's see explicitly what happens for S*^ x S"^ and 

CP^#C]P^ Recall that the principal S'^-bundle CP^ corresponds to the first Chern class c g H'^{CV^; Z) 

of the tautological line bundle. Equivalently, if we want to kill the obstruction class to CP^ being spin then 
we construct a principal circle bundle via the correspondence between H^{X;Z) and [X, CP°°]. Moreover, 

W2(CP'^) = W2(CP ) since we're working over Z2. Therefore, we have a corresponding bundle S*^ '->■ 5^ — > CP 
which kills 'W2{CF ) when pulled back to S^. Let D denote a disk of radius 1 around [1 : : 0] G CP^, viz., 

D:={[l:z,:z2]\\zi\' + \Z2\^<1}. 

This implies that 

TT-^{D) := {{Xcos9,Xsme,X3,...,xe)\0 e [0,2tt), xj + xj + xj + xl ^ I - < ^ 0} 
= {{xi,X2,X3 . . . , xe) \ xl + xl + xj + xl < ^, xf + . . . + xl = 1} = S'^ X D4 

while the complement of tt^^{D) is 

{{xi,...,X6)\xl + xl <l,xl + ...+xl = l} = D2X 5*3. 

Therefore, can be written as the union of x D4 and D2 x S^. 
Let X := \ Tr~^{D). Then we have a fibration 



^ X ^CV^\D, ^X ^ CP^ \ D. 

Let X be the space obtained by gluing two copies of X together by the identity along its boundary. It's clear 
that X = S'^ X and the two fibrations above blend into a fibration 

^ X ^ cp2#cp^ 

The total space x is also a circle bundle over 5^ x S"^. However, the Whitehead product on the homotopy 
groups help distinguish S'^ x S'^ from CP^#CP^ 

2.1 Stable homotopy groups 

We exploit the circle fibre bundle introduced in ^to gather information about stable homotopy groups 
of a simply connected, closed 4-manifold M in terms of the second Betti number k. Let tt!^ denote the n**^ 
stable homotopy groups of spheres. We can directly compute the stable homotopy group Tr^{M) of M as 
follows. 

Theorem 2.7. Let M be a simply connected, closed A-manifold with second Betti number k > 1. Then 

(2.3) <(X) - «_2)'= ® «-3)'"' ® <-5- 

Proof. We use the fibration — )■ #'^"^(5^ x S^) M. On passing to suspension spectra in the stable 
homotopy category we obtain a fibre sequence 

^ s°°^fe-i(5'2 X S^) ^ E°°Af. 

In the stable homotopy category, fibre sequences are also cofibre sequences which yields a long exact sequence 
of homotopy groups. 
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The first observation is that 4f^'^~^{S'^ x 5^) has a CW-structure with trivial 1-skeleton, and hence the 
map — >■ #'^"^(5^ X S^) is nuU-homotopic. Therefore, the the map induced on spectra is trivial. Since 
fibre sequences are cofibre sequences in the stable homotopy category, being the cofibre of the map 

S°°5'i ^ E°°#'=-i(52 X S^), becomes the wedge of Y.°° if^^-^ {S"^ x S^) and S^. Therefore, 

<(M) - X s^)) e = <(#'-^(^' X S^)) ® 

We know that suspension of the Whitehead product is trivial. The space #'^'^^(5'^ x S'^) has a CW-complex 
structure with 4-skeleton a wedge of (fc — 1) two spheres (a^'s) and {k — 1) three spheres (6j's), and a single 
5-cell attached along the map [ai, 6i] + . . . + [aj._i, After a suspension we have 

S#''^-i(S'2 X S^) ~ v'^-i(I]S'2 V SS*^) V ES*^ ~ v'=~i(S'3 V S^) V S*^. 

This implies 
Therefore, 

<{M) ^ {K-2f'^ © «~3)''"' © <-5 © <-2 = «-2)'' © «-3)''~' © <-5 

as claimed. □ 

We can actually say a bit more when AI is closed and has finite fujodamental group. The second 
homotopy group is H2{M) = l}" for some fc. This follows from the fact that M is a simply connected, closed 
4-manifold with 7r2(Af) = 7r2(M) = 1^ . 

Corollary 2.8. Let M he a closed 4-manifold with a fundamental group of order m and tt2{M) — %^ with 
k > 1. Then 

Proof. The covering map tt : Af — )■ M is m to 1. In the stable homotopy category we have a (fibre and 
cofibre) sequence 

■ • • ^ <(M) ^ <(M) ^ <_i({mpoints}) <_i(M) ^ • • • . 
The inclusion map of a fibre consisting of m points into M is nuUhomotopic. Therefore, 

<(Af) = <(M) ® <_i({to points}). 
Since S-'({m points}) = V""~^5^, combining this with ( |2.3| we have 

<(M)=<(M)®«_i)"-i 
which finishes the proof. □ 



3 How many periodic geodesies are there? 

The question of how many geometrically distinct periodic geodesies exist on a simply connected closed, 
Riemannian manifold M is classical. It follows from results of Gromoll-Meyer |TD] that the answer is linked 
to the the Betti numbers of the free loop space LM := C°(S'\M). We should point out that the Morse 
theory techniques are usually applied to the space CM of closed loops of class H^. It is known that LM is 
homotopy equivalent to its geometric cousin CM which is a Hilbert manifold. One studies the critical points 
of the energy function on CM. Periodic geodesies are precisely the critical points but these are not necessarily 
geometrically distinct. Consequently, a careful analysis of the multiplicity needs to be done. 

Theorem 3.1. (Gromoll - Meyer '69) Let M be a simply connected, closed Riemannian manifold. If 
there exists a field k such that the sequence of ranks of the homology groups of LM are unbounded, then for 
each Riemannian metric there exists infinitely many geometrically distinct periodic geodesies on M . 
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Towards an answer to the question of when manifolds have unbounded growth in the homology of its loop 
space, V-Poirier and Sullivan [5T] had the following to say : 

Theorem 3.2. (V-Poirier - Sullivan '76) IfM is a closed Riemannian manifold with a finite fundamental 
group such that M or any of its covers require at least two generators for its cohomology then the ranks of 
-ff* (LM) is unbounded. In particular, there exists infinitely many geometrically distinct periodic geodesies on 
M. 

This, for instance, tells us that any smooth, simply connected, closed Riemannian 4-manifold with 
x{M*) > 4 admits infinitely many geometrically distinct periodic geodesies. We will have more to say about 
this later. For now, let us state another result [15 which will be useful. 

Theorem 3.3. (Lambrechts '01) Let Mi and he two simply connected, closed manifolds of dimension 
n. Suppose that k is a field such that neither H*{Mi \ k) nor H*{Mi; k) is isomorphic to iJ*(S'"; k). Then 

(1) the sequence {6„}„>i given by 

bn :=dimi7„(X(Afi#Af2);k) 

is unbounded; 

(2) we have the following dichotomy : 

(a) either both of the cohomology algebras iJ*(Mi;k) are monogenic and the sequence {bn} has a linear 
growth; 

(b) or at least one i7*(Afi;k) is not a monogenic algebra and the sequence {bn} has an exponential 
growth. 

As an iterated application of the result above we have the following : 

Corollary 3.4. For k > let 'E^ := #'"'5'^ x be the 5-manifold which is the connected sums of k copies of 
S'^ X S'^ . If k > 2 then the Betti numbers of the free loop space LT.^ grows exponentially. 

Let us recall an important but obvious notion. 

Definition 3.5. Let {bk}k>i be a sequence of non-negative numbers. We say that this sequence has exponential 
growth if there exists A > 0, C > 1 and > 1 such that 

max{6i, • • • , 5„} > AC" for all n>N. 

Remark 3.6. The definition of exponential growth is equivalent to an alternate definition where one requires 

6i + • • • + fe„ > AC" 

for A > 0, C > 1 and n > N for some N . 

Let M^^i be any simply connected, closed, smooth 4-manifold with xi^^k+i) = ^ + 3 (or equivalently, 
H2{M^^-^) = 2*^+^). In light of the connection (cf. ^ between M^^^ and 'E^, a natural question is the 
following : 

Does the sequence {dimi7„(iMjf^-^; Q)}„>i grow exponentially? 

For the ease of reading and brevity, we shall fix k for now and denote M^^-^ by M. We will denote Ek simply 
by £. 

We begin with the fibration LS^ — >■ LE — >■ LM. Notice that for any space X, LX is itself a fibration 
over X with fibre ftX := Map^(S'^, A), the based loops in X. Moreover, there is a section s : X ^ LX by 
sending a point to the constant loop at that point. Therefore, 

n,{LX) = n,{X) © 7r,(f]A) = 7r,(A) ® 7r,+i(A). 

In particular, this means 

TTliLM) = TT2{M) = H2{M) = 

Moreover, 7ri(LM) acts on the fibre LS^ = 5^ x Z (of the fibration LS^ ^ -> LM). Applying Serre 
spectral sequence to this fibration, we get i?^-page : 
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••• 

i^o(iA/;7^l) i^l(L^/;7^l) H2{LM-'Ri) H3{LM;ni) ••• 

Ho{LM;no) ffl(LA^;7^o) H^iLM-n^) H^iLM-n^) ■■■ 
Observe that the coefficients are given by 

Notice that a generator 1 S ni{LM) acts by homotopy equivalences on LS^, and induces the same action 
on Ho{LS^;Z) and Hi{LS^;Z). Both of these are isomorphic to the same abelian group Z[Z] but are to be 
thought of as twisted coefficients in the spectral sequence above. Moreover, it is evident from the structure of 
the i?^-page that = E°° . Therefore, it suffices to analyze this page as we're only interested in the additive 
information. 

Lemma 3.7. The homology of LM with twisted coefficients TZi,i = 0,1 is isomorphic to the homology of a 
cover C of LM . 

Proof. The coefficient system TZi has the structure of a Z[7ri (LM)]-module. Let G := tti {LM) for notational 
convenience. In general, iJ* {LM; TZ) can be computed (or even identified) as the homology of the chain complex 

a(LM;Z) n. 

Let us call the action of G on Ho{LS^) by p : G — ?> Aut{Ho{LS^)). Let C be the cover of LM that corresponds 
to ker p. Then it follows that 

C4LM;Z) ®z[G] 7^ = C4C-I.) ®z[G/kerp] 7^. 

We observe that 

keip^Z''-^, (G/kerp) = Z. 
In fact, the action of G on Hq(LS^) and Hi{LS^) is identical and therefore, 

[LM- Tli) ^ homology of (C* (£; Z) 7^,) iJ* (£; Z) 

as TZi = Z[Z] as Z[Z]-modules. □ 
To proceed further, let us denote the maps on the i?^-page by 

d:H,,{C;Z)^Hn-2iC;Z). 

Then it follows that 

i7„(i£;Z) = © (ker : H„{C;Z) H„_2{C:Z)) . 

d[H„+i{C;Z)) 

Let (3n be the rank of iJ„(£;Z) while 6„ be the rank of H„{L'E;Z). We have the inequality 

b„ < /3„ + ^„_i. 



{bk}k>i does. Combined with Corollary 3.4 we conclude the following 



It follows either from Defintion 3.5 or from Remark 3.6 that {Pk}k>i has exponential growth if and only if 



Corollary 3.8. The Betti numbers {dim i/„(£; Z)}„>i has exponential growth. 
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In order to arrive at a statement involving the growth of the Betti numbers of LM we observe that 
C — > LM is a principal Z-bundle, and is classified by a (homotopy class of) maps t/j : LM — > _BZ. But as 
Z ~ Q.S^ we may also think of C as the puUback of exp : K — >■ S'-'^ via some map tp : LM — > . 

Theorem 3.9. The Betti numbers {dim_ff„(iM; Z)}„>i has exponential growth. 

Proof. We turn the map ip : LM — > into a fibration where the fibre has the homotopy type of C. We 
have the Serre spectral sequence for C LM . where 7ri(S'^) — Z acts on the fibre as the usual Deck 

transformation. The Serre spectral sequence at the i?^-page is all we have and we get 

i?, (iAf ; Z) = i7o ; (£; Z)) ® i?i ; (£; Z)) . 



By Proposition 3.12 the generator of 7ri(S'^) induces the identity map on i/*(£;Z) . The spectral sequence 
then reads 

Hj{LM;Z) = Hj{C;Z)®Hj^i{C;Z). 
Since C has exponential growth (cf. Corollary |3.8| , it follows that so does LM. □ 

Corollary 3.10. For a generic metric on M the number of geometrically distinct periodic geodesies of length 
at most £ grows exponentially as a function of £. 



Proof. The result follows from Ballmann-Ziller's estimate [4 (cf. ( |1.1| in Q and Theorem 3.9 □ 



Remark 3.11. The growth of the Betti numbers of L{S^ x S'^) or L{CP^^CP ) is linear. This also corresponds 
to the fact that S'^ x 5"^, the associated 5-manifold to both these A-manifolds, is rationally elliptic. It is known 
JWj that the function tit grows at least as fast ^^j, for any metric on . The function 71^(5'^ x S^) grows 
as fast as (T/logT)^ for any product metric on x S'^. We expect the growth to be sub- exponential for any 
metric on simply connected four manifolds with second Betti number at most 2. 

The proof of Theorem |3.9| is contingent on the fact that the local coefficients in the spectral sequence 
can be replaced by usual coefficients. Towards that end we have : 

Proposition 3.12. Let 1 denote a generator of TL 'Ki{LM) which correponds to the covering C. We write 

TTiiLM) =Z''+^ = (1) eG, 
where G — Z'^ . The action of 1 on LM induces the identity map at the level of homology. In particular, 

1* : H4C;Z) — > H,{C;Z) 

is the identity map. 

Proof. It suffices to show that 

1: LM — > LM 

induces the identity map on homology. This is because G (the direct summand of (1) in 7ri(LM)) acts freely 
on LM. As 7ri(LM) is abelian, the map above is a G-equivariant map. If 1* = Id then 1^ = Id. To see 
this claim recall that the equivariant homology is the homology of H^,{EG Xg X). Hence there is a spectral 
sequenc^ calculating the this homology whose i?^-page is Hp{G; IIq{X)) which converges to Hp+q{EG Xq X). 
A G-equivariant map / induces a self-homomorphism of this spectral sequence which is identity on the E^- 
page. Therefore, it induces the identity map on the E°°-pa.ge, and hence, on the equivariant homology. 
Notice that is the map on the G-equivariant homology of LM. As the action is free, 

H^{LM;Z} = H,{LM/G;Z) ^ H,{C;Z) 

and this proves the second claim in the proposition. 

We notice that LM fibres over M with fibre fiM, the based loop space. This fibration has a section s given 



*The Serre spectral sequence of the fibration X — EG Xq X BG computes the requisite homology. 
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by constant loops. We may replace each fibre il.pM (the loops in M based at p € M) by its universal cover 
flpM based at p. We may do so in a continuous fashion due to the presence of the section s : Af — >■ LAI; we 
construct the path space ajid then impose the necessary equivalence relations to get the universal cover. We 
get a new fibration (with LM as the total space) 

(3.1) QM ^LM — > M. 

Recall that 1 is a Deck transformation of the covering map LM LM. Since LM fibres over M, the map 
1 is one of fibrations. mapping ( |3.1| to itself and is the identity map on M. The map 1* induces a map of 
spectral sequences. By Lemma |3 . 1 3| applied to G = ^pM with e as the constant loop at p e M, we conclude 
that 1* acts as identity on H^,{nM;Z). It is already identity on i/*(M;Z) and a comparison of the map 
between spectral sequences in homology tells us 1* is identjtj^on the i?^-page. This persists till E'^^-page and 
it follows that 1* is the identity map on the homology of LM. □ 

To complete the proof of the proposition above we need the following : 

Lemma 3.13. Let G be a topological monoid with universal cover G. Let e ^ G be an element such that 
e ■ e — e and e is an identity up to homotopy. If 1, = (1) C 7ri(G, e) then 

1* : H4G;Z) iJ*(G;Z) 

is the identity map. 

Proof. Fix an element e G G. We think of G as the universal cover arising from the path space associated 
to G, i.e., elements of G are equivalence classes of continuous paths 7 : [0, 1] — )• G such that 7(0) = e. We 
say 7 and 77 are equivalent if 7(1) = 7^(1) and 7 * 77^^ is null homotopic. We also denote by Gg the path 
space associated to G with g as the chosen point for all paths to start. In this notation, G = Gg. Choose a 
representative k : {S^, 1) — ^ (G, e) for 1. Then the action of 1 is given by 

1 : G^ G, [7] [k*7]. 

Define a continuous family of maps 

1*:G-^G, [^]^[{^\^,,ye)^{^it)-j)]. 
Since e is an identity up to homotopy, we have 

1"([7]) = [(e-e)*(e.7)] = [e*7] = [7] ^ 1° =ld, 
li([7]) [(K-e)*(e-7)] = [k*7] ^ 1^ = 1. 

This implies, in particular, that 1,^ = Id. □ 



3.1 The case of finite fundamental group 

Let nT{g) be the number of geometrically distinct periodic geodesies in {M,g) of length at most T. 
Very few results are known about the asymptotics of the periodic geodesic problem in the case of manifolds 
with finite fundamental group. In [3_ Ballmann et. al proved the following : 

Theorem 3.14. (Ballmann, Thorregsson, Ziller '81) Let M be a closed, smooth manifold with non-zero 
but finite fundamental group. Then for any generic smooth metric on M there exists G > such that 



nT>C 

if T is sufficiently large. 



T 
logT 
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In particular, the above applies to manifolds of dimension four and for generic metrics. On the other hand, pT] 
tells us that there are infinitely many geometrically distinct periodic geodesies for any metric if the manifold 
has finite fundamental group and the cohomology ring, possibly after passing to a cover, requires at least two 
generators. We have a result which is in the spirit of these two results in dimension four. 



fundamental group. As noted before CoroUarj 2.8 in J 2.1 the second homotopy group is given by 7r2(M) = Z*^ 



We will prove that Corollary 3.10 and Theorem 3.9 holds for any closed 4-manifold M with finite 



Corollary 3.15. Let M be a closed A-manifold with finite fundamental group and fc > 3. For a generic metric 
the number of geometrically distinct periodic geodesies in M grow exponentially as a function of length. 

Proof. Given a metric g on M we can puUback^his to the universal cover M . Now the covering map 
TT : M — )■ M is a local isometry and geodesies in M gets mappjjd to geodesies in M . By the assumption 
on k we know that geometrically distinct periodic geodesies in M grow exponentially. However, whenever 
two geometrically distinct periodic geodesies in the cover maps to the same periodic geodesic in A/, they are 
related by Deck transformations. Let nT{M) and nT{M) be the count of geodesies of length at most T. Then 

nriM) > — '- 
m 

where m is the order of 7ri(Af). In particular, n^iM) has exponential growth whenever /c > 3. □ 

Remark 3.16. If M is a closed manifold with a fundamental group then LM has connected components 
indexed by conjugacy classes in-Ki{M). In particular, we consider LqM , the component containing the constant 
loops. This is homotopy equivalent to LM , the free loop space of the universal cover. If the Betti numbers of 
LM grow exponentially then so does the Betti numbers of LqM and also of LM. 



4 How fast do the homotopy groups grow? 

In this section we derive an explicit formula for the dimension of rational homotopy groups of simply 
connected four manifolds in terms of the second Betti number of the manifold. From this formula we can 
directly deduce that simply connected four manifolds with second Betti number at least 3 are rationally 
hyperbolic. The results of this section hold for topological 4-manifolds which are not necessarily smooth. We 
shall often use the notation 7r^(X) to denote the rational homotopy group of X. 

4.1 Growth of rational homotopy groups 

Definition 4.1. A path connected topological space X is called nilpotent if Tri{X) is nilpotent and the action 
of TTi{X) on TTn{X) IS nilpotcnt. 

Simply connected spaces automatically satisfy the condition above. A space is said to have finite rational 
cohomology if 

oo 

^dimi/'(X;Q) < oo. 

i=0 

One may use rational homotopy theory to divide simply connected manifolds into two classes. 

Definition 4.2. Let X be a nilpotent space with finite dimensional rational cohomology. Then X is called a 
rationally elliptic space if 

^dim7r^(X) < oo. 

p>2 

Otherwise X is called a rationally hyperbolic space. 

It is well known that rationally elliptic spaces are non-generic and the ellipticity enforces strong conditions 
(cf. Theorem 2.75 of [5]) on the manifold. In this sense, a generic manifold is rationally hyperbolic. 

We are interested in understanding the growth rates of rationally hyperbolic spaces among closed. 
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simply connected 4-manifolds. It is known (cf. Example 3.8, pp. 108-109 of [8]) that the only rationally 
eUiptic, smooth 4-manifolds are S*, CP^ CF^, S^xS^, CP^#CP^ and CP^ #0?^ F] Notice that the eUipticity 



of these manifolds follow very easily from our construction in Lemma 2.3 In the (smooth) category of simply 
connected 4-manifolds, these are precisely the manifolds with second Betti number at most 2. Consequently, 
all 4-manifolds with second Betti number at least three are rationally hyperbolic. We provide a different proof 
of this fact and it's part of a larger circle of ideas. 

Proposition 4.3. Let Mj he any closed, simply connected A-manifold with H2{Mj\'L) = V . For i > 3 there 
is a naturally defined map 

such that r (g) Q is a surjection. In particular, is rationally hyperbolic for any k > 3. 

Proof. We know that M| is rationally hyperbolic by either Corollary 4.13 or comments following Corollary 



|4.12[ If we assume that r has been defined, and r (g) Q is a surjection then for A; > 3 we have 
5^ dim^Q(M,4)> dim7rQ(Mti)>...> J] dim^^«(M|). 

2<p<m 2<p<ni 2<p<m 

To construct the map r recall that we have 5-manifolds £fc (resp. £fc_i) which fibre over M^_^_^ (resp. M|) 
with fibre . Let us denote the bundle maps by tt : — > M^_^_^. By construction, tt induces an isomorphism 
on homotopy groups in degree 3 or higher. We also know that Efc is diffeomorphic to a connected sum of k 
copies of X S^. We have the map 

q : Efc — > 

given by the composition of pinching and then collapsing. More specifically, let 

pinch : Efc ^ [H^'^-^S^ X S^) #(5^ x S"^) — ^ {#''-^8^ x S^) V {S^ x S^) 
be the map which pinches the connecting 4-sphere to a point. Let 

collapse : {#''-^3'^ x S^) V (5^ x 5^) — ^ {i^'^-^S'^ x S*^) = ■Ek-i 
be the obvious quotient map which collapses x to a, point. Formally, we define 

q :~ collapse o pinch. 

The map r is defined as the composite tt* o o (tt*)^^. As both tt^'s are isomorphisms (in degree 3 or higher), 
T is surjective if and only if is. 

The collapse map is a retraction onto a wedge summand. Hence it induces a surjection of the homotopy 
groups (with any coefficient). Using minimal models and rational homotopy theory one can prove that (cf. 
Theorem 3.3 and the proof of Corollary 3.4 in [8 ) pinch induces a surjection on the rational homotopy grouptj^ 
Combining all of the above, we see that r (g) Q is a surjection on rational homotopy groups of degree 3 or 
higher. □ 

We now proceed towards the computation of the group 7r^(M^) for a fixed fc > 3. We start by proving 
some elementary relations about the generating series of a graded vector space. 

Definition 4.4. Let V — ®i>oVi be a graded vector space (graded by positive integers). Define the generating 
series of V , 

py(t)-^dim(F,)i* 

j>0 



^We have only listed the smooth manifolds in this list. There are rationally elliptic topological 4-manifolds that are not 
smoothable but their homotopy type agrees with one of the manifolds in this list. In fact, CP^ and CP have the same homotopy 
type. 

®This is not true in general but holds here as our constituent spaces in the connect sum do not have monogenic cohomology 
rings. 
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Example 4.5. The free graded commutative algebra on a vector space is a tensor product of the exterior 
algebra on the odd dimensional generators and the polynomial algebra on the even dimensional generators. 
Therefore, whenever Vq = (0) we have 

(f\ _ ll^odd'^-^ ^ '' ) 

lit even V / 

Example 4.6. Let y be a graded vector space with Vb = (0). Let TV denote the tensor algebra of the vector 
space V. The dimension of degree n elements in TV can be calculated as follows. For every ordered partition 
(ni, ^2, . ■ . , rik) of n = ^ ■ m, we have a subspace V^ €5 - ■ -(^ Vn^ of TV in grading n. Moreover {TV)n is 
a direct sum of these terms over distinct ordered partitions of n. Let J{n) denote the set of ordered partitions 
of n. Therefore, 

dim(ri/)„ = dim(y„ J dim(14 J ' ' ' dim(Kj. 

(ni,n2,. ..,nfc)eJ(n) 

In terms of generating series we have, 

1 

1 ^ 2^i>i aim VP 
We have the following proposition whose proof we suspend to §4.2[ 

Proposition 4.7. Let V be the graded vector space with basis {xi, X2, ■ ■ ■ ,Xk,yi,y2T ■ - Uk} where Xi 's are in 
degree 1 and yj 's are in degree 2. Let I C T{V) be the two sided ideal generated by the element 

[x.,y] [xi,yi] + [2:2, 2/2] H h [xk,yk]- 

Then the following holds : 

(a) There is an isomorphism of graded groups 

H,{n{if''S^ X S^);Q) = T{V)/L 

(b) The generating series for T{V)/I is given by 

Before stating our main computation we recall some facts from rational homotopy theory. The homotopy 
groups of the based loop space ftX of X are TTi{ilX) = 7Ti^i{X). The Whitehead product of homotopy groups 
of X induces a graded Lie algebra, called the rational homotopy Lie algebra on X, structure on 

nfinX) := ®^>oi7Tfi^lX)). 

For any space X, the based loop space ^IX is a i7-space. This induces a Pontrjagin product on the homology 
groups making iJ, (OX;Q) := (Bi>oHi{^}X;Q) into a ring. Recall the theorem of Milnor and Moore [TS] : 

Theorem 4.8. (Milnor- Moore '65) For a simply connected space X, H,{ilX;Q) is the graded universal 
enveloping algebra of the graded Lie algebra ir^i^X). 

We are ready to state and prove our result. 

Theorem 4.9. Let M^^-^ be a simply connected, closed, smooth manifold of dimension 4 with H2{M^^-^;'L) ~ 
Tl}'^^ . For n>2 the rank In o/7r„+i(Mjf^j^) (g) Q is given by 



(4.1) ^n = E(-i)"^^^ E i-^rk' 



, albld 

d\7i a-\-2b-i-3c—n / d 
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Proof. It suffices to calculate the homotopy groups of X — #'^5'^ x S^. The strategy will be to compute 
the rational homology of the based loop space of X in two ways and compare them. By Proposition |4.7| we 
know that 

H,{n{#''S^ xS'');Q)^T{V)/I 

where /, V are as in Proposition |4.7[ The ideal / is generated by one element in degree 3. By Proposition |4.7| 
the generating series of the graded vector space T{V)/I is 



(4.2) 



PTV/lit) 



1 



By Theorem 4.8 the rational homology H,{QX; Q) is isomorphic (as Hopf algebras) to the universal enveloping 
algebra of the rational homotopy Lie algebra L — tt2{^X) of V,X. For graded Lie algebras we have a version 
of Poincare-Birkhoff-Witt theorem (cf. Theorem 21.1 of [7|) which says that as an abelian group the universal 
enveloping algebra UL = AL the free graded commutative algebra on L. Let us denote the dimension of Lj 
by lj. Therefore, by Example 4.5 UL has generating series 



(4.3) 



PUL{t) 



n.odd(i+t')^''"(^-) 



Combining (4.2 I with (4.3 I we get an equation : 

n,odd(i+^o'' 



We take log of both sides : 

log(l -kt- kt^ + t^) 



n,even(l-i^)'' 

^ zaog(i-f 



1-kt-kt^ +t^' 



^/,log(l + f) 



i odd 



Expanding this and equating coefficients, we see that 

A,: 



coefficient of f in log(l - kt - kt^ + t^) = - 



i odd 



til 

n 



d\n 



We use the Mobius inversion formula; it gives us 

(4.4) ;„ = -^(_l)"+5;,(d) 

d\n 

In fact, by expanding log(l — kt ~ kt^ + 1^) we see that 



n/d 



(4.5) 



A. 



E 



a-\-2b-\-3c—n 



albld ■ 



□ 



This completes the evaluation of In, the dimension of i„, which is also the rank of TTn+i{M^_^_^) (g) Q. 

It follows from the theorem that the ranks of homotopy groups can be recursively computed. We list 
the first few for the convenience and curiousity of the reader. In particular, it follows very easily that a four 
manifold as above with second Betti number at least 3 is rationally hyperbolic. Moreover, this comprehensively 
improves the main result of Terzic ^20j . 
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Corollary 4.10. Let M^_^_^ be a simply connected, closed A-manifold with _ff2(Af|^j^; Z) = Z'''^^ . If k > 2 the 





= Z 


k(k + 3) 
2 




= Z 


(fc-l)(fc + l)(fc + 3) „, 




= Q 


fc(fe-l)(fc + 2)(fc + 3) 
4 




= Q 


fc(fe-l)(fc + l)(fc + 2)(fc + 3) 
5 




= Q 


fc(fe-l)(fc + l)(fc + 3)(fc^+3fc+l) 
6 



Remark 4.11. A proof of the above is but a mechanical computation. However, of interest may be the 
following : 

(1) The computations of the rank follows from directly computing (4.11. As for the torsion in the fourth 
homotopy group, it arises from Tor(7r4(#'^S'^ x S^)) = (Z/2)^'^, which can be easily verified via Whitehead 
products. 

(2) The first five homotopy groups listed may lead one to ask if these polynomials always factor into linear 
terms. The case of Try answers that negatively. 

(3) It follows from (4.4|, (4.51 and properties of the Mobius function that 

if n > 3 then k — 1 divides the rank of tt'^{M^j^^) ; 
if n > 5 then k + 1 divides the rank o/ 7rJ2(M|^_-^); 
if n > A then k divides the rank of 'k'^{M'^_^-^). 

Corollary 4.12. For j > 1 there exists polynomials Pj{x) of degree j and top coefficient 1/j such that 

dim(Lj) = Pj{k) 

and L ~ (Si>oLi is the rational homotopy Lie algbera of ilM^^^. 

Observe that for fc > 2 

n— >-oo n 

As a consequence, P„(fc) ^ for n > iV for some N. In particular, M^j^-^ is rationally hyperbolic whenever 
k>2. 



Proof. We shall use (4.4 1 and treat Xj as a function of k, and correspondingly treat dim(Li) as formal 
functions of the variable fc. It follows (4.5 1 that 

fc" 

A„(fc) = h lower order terms 

n 



is a polynomial of degree n. If we define a polynomial Pn{x) as the right hand side of (4.4 1 and think of A,;'s 
as functions of x then Pn{x) is a polynomial of degree n with top coefficient 1/n. □ 

Recall that there is a dichotomy in action in the fact that rationally hyperbolic spaces have certain 
growth rates of its (rational) homotopy groups. It is known that if X is a rationally hyperbolic space then the 
sequence 'Yl,2<p<m dim7r^(X) has exponential growth (cf. Theorem 2.74 of [8]), i.e., there are constants A> 1 
and A > such that, for m large enough, 

dim7r^(X) > A^™. 

2<p<m 

With a little work, one can use the recursive formula we have derived to prove the following : 

Corollary 4.13. Let M^j^^ be a simply connected, closed A-manifold with H2{M^^j^;Z) = Z^^^ . Then for 
any n>\ 

2<j<2n+l 
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Proof. We have 



2n+l 2n 

^dim^;f(A4V) = E^:'W 

3=2 i=l 



Ji+2i2+3j3=2n ""^ "'^ ■'■^ 

> . 

~ 2n 

The last inequahty comes from the ji — n,j2 — 0,j3 = in the coefficient of fc^" in the summation. The other 
terms are positive except when is odd. In such cases the term obtained by reducing by 1 and increasing 
ji J J2 by 1 each gives a greater positive quantity. □ 

4.2 Computing the homology of the based loop space 



In the last part of this paper we provide a proof of Proposition |4.7[ There are two inputs to this proof, 
one from rational homotopy theory which reduces the computation of H,{Q,{^^ S"^ x 5'^);Q) to an algebraic 
computation, and the second from Koszul duality of associative algebras which completes the calculation. We 
begin with a series of definitions. 

Definition 4.14. A (differential) graded Lie algebra L is said to be connected if L = ®i>iLi. 
Definition 4.15. A free model of a connected differential graded Lie algebra {L,d) is a quasi-isomorphism 

m : {L{V),d) {L,d) 
such that L{V) is the free graded Lie algebra on the graded vector space V — ®i>iVi. 

Definition 4.16. A Lie model m : {L{V),d) — {L,d) is a free model for which d satisfies the minimality 
condition. The minimality condition states that d{V) C [L{V)^ , L{V)^] where L{V)^ are the positive graded 
terms of L{V). 

From |7| (cf. Theorem 22.13) we know that {L{V),d) exists for every connected {L,d) and is unique upto 
isomorphism. 

Definition 4.17. Let X be a simply connected space and the rational homology of X is finite dimensional in 
each degree. Suppose that the rational homotopy Lie algebra is L^. In this case, a Lie (free) model for X is 
a Lie (respectively, free) model for (Lx,0). 

Therefore, for any Lie (free) model {L{V),d) of X, the homology H{L{V),d) is the rational homotopy Lie 
algebra of X. When a (n + l)-cell is attached to X we have a way to compute the Lie model of the new space 
in terms of a Lie model of X. 

Theorem 4.18. ([7], Theorem 24.7) Let Y = AT U/ with f : S"^ ^ X . Suppose X is simply connected 

and the rational homology is finite dimensional in each degree. Let {L{V),d) be a Lie model for X. Let 
[/] G 7r„(A) — Tin-i^X = Hn^i{L{y),d) he represented he a cocycle z. Then a free model {L{W)^dw) is 
given hy W — V ® '^{wn} and dw\v = d, d{wn) = z. 



In our case the above theory proves the following result, which reduces Proposition 4.7 to an algebraic 
computation. 



Proposition 4.19. Let VJ he as in Proposition^^ Let W = V ®Q{wi) and define d : T{W) T{W) hy 
d\v — 0, d{wiC) — [x,,y]. Then 



i/.(r!#^-(^' X s^YM) = H,(T{w),d). 
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Proof. The space X = #'^(5'^ x S^) can be given a CW-complex structure with 4-skeleton the wedge of 
/c-copies of (tti, a2^ ■ ■ ■ , Ofc) and fc-copies of (/3i, /32, ■ ■ • , /3fe)- There is only one 5-cell which is attached 
along the map 

[q;i,/3i] + [a2,/32] + • • ■ + [afc,/3fe] 

where the notation [., .] stands for the Whitehead product. The Lie model can be computed using this CW- 
complex structure. The Lie model for v'^(S'^ V S^) is the free Lie algebra L{xi,X2, ■ ■ ■ ,Xk,yi,y2, ■ ■ ■ ,yk) 
(where \xi\ — 1, \yi\ = 2) with differential. Therefore by Theorem 4.18 the Lie model {L,d) for X is given 
by L = L{xi, X2, . . . , Xfc, j/i, ^2, • • ■ , J/fe, Wi) with 11041 = 4 and the differential generated by 

d{x.i) = 0, d{yi) = 0, d[w) = [xi.yi] + [2:2,2/2] + . • . + [xk,yk]- 
Passing to the universal enveloping algebra we have 

H,{VLX) = U'Lx = UH{L{W),d) = H{U{L{W)),d) = H{T{W),d) 
as claimed. □ 
In order to calculate the above homology we need to use Koszul duality of associative algebras (cf. [16 ). 

Definition 4.20. The associative algebra A{VtR) — T{V)/{R) is a quadratic algebra if R can be chosen as 

R(ZV®V. 

The dual notion leads to a quadratic coalgebra. 

Definition 4.21. Yor RQV ®V the quadratic coalgebra C{V, R) is defined as Ker(r(V^) {V (E) V)/R). 

For an augmented graded algebra A, there is a bar construction B{A) which is a differential graded 
coalgebra and dually for a coaugmented graded coalgebra C there is a cobar construction VLC which is a 
differential graded algebra. These are defined as 

Definition 4.22. Let A C A be the kernel of the augmentation, define B{A) ~ {T{sA)^d) (s — suspension) 
where d is generated as a coderivation by 

d{s{a)) ~ s{a (g) a) — s{a 1) — s(l (g) a). 

Dually, let C = C* ® Q, and define 51C = (T(s^^C'), d) where d is generated as a derivation by the equation 

d(s-ic) = s"i(A(c)) = s-\A{c) - c® 1 - 1(g) c). 

A quadratic algebra and coalgebra as defined is augmented and the above constructions make sense. 
There is a differential on C g) ilC generated by d{c) — 1 (E) s~^c and dually a differential on A g) B{A). 

Definition 4.23. The Koszul dual coalgebra of a quadratic algebra A{V, R) is defined as A^ ~ C{s{V), s^(i?)). 
The Koszul dual algebra A' of a quadratic algebra A{V, R) is defined as A- = A{V*,R-^) where R-^ C V* <S) V* 
consists of elements which take value Q on R C V (E)V. 

The Koszul dual algebra and the Koszul dual coalgebra are linear dual upto a suspension. Let A^"^ stand for 
the subspace of homogeneous n-fold products. Then (A')*^") = s"((A')*)'^"^. 

For a quadratic algebra A{V, R), there is a natural map from fi^' A which maps v v. Using this 
map there is a differential on A' g) A denoted by d^- We shall use the notation A' gj^ A to denote (A' g) A, rf^). 

Definition 4.24. (cf Theorem 3.4.6 of [16J) A quadratic algebra A(y, R) is called Koszul if QA^ -> A is a 
quasi-isomorphism. Equivalently, the chain complex A' (g„ A is acyclic. 

There is an easy way to check that an algebra is Koszul. First fix a basis {vi,V2, ■ ■ ■ , Vm) of V, and fix 
an order vi < V2 ■ ■ ■ < Vm- This induces a lexicographic order on the degree 2 monomials. Now arrange the 
expressions in i? — (ri, r2, . . .) in terms of order of monomials. An element ViVj is called a leading monomial 
if there exists n = ViVj + lower order terms. Note that ([TB], Theorem 4.1.1) implies that if there is only one 
leading monomial ViVj with i ^ j then the algebra is Koszul. We use this to prove the following : 
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Proposition 4.25. Let V,I be as in Proposition 4-7 Then the algebra A ~ A{V, I) — T(V)/I is Koszul. 



Proof. We can order the monomials as xi < X2 ■ ■ ■ < < yi < 

monomial UnXn- This completes the proof by the above criterion. 



< yk- Then there is only one leading 

□ 



Let A ~ A{V, I) as in Proposition 4.7 The Koszul dual algebra of A is the algebra T{V*) / {I^), where 
C y* V* is the subset which acts by on the element [x,,y]. This is spanned by 

{xi (g) Xj, yi (g) yj, x.i (K) yj{j ^ i), Xi®yi - Xj <g) yj, Xi®yi-yi® xj. 

Therefore, the Koszul dual algebra of T{V)/I is Q ® ® Q{r*} where 

x.^Xj = 0, y^y^ = 0, Xjy^ = y^-x^ 



5ijr* 



Proposition 4.26. Let V, I as in Proposition ^.1 Let (C, A) be the coalgebra : Q siV) ® ' 

A(s(t;)) = s{v) + s{v) for V eV 



[s(w)} with 



A(s(w)) ^ s{w)®l + l®s{w) + [s{x),,s{y)]. 
Then the cobar complex flC equals the differential graded algebra (T{W),d) of Proposition 4-19 

Proof. The cobar construction VlC as an algebra is given by T(V^0Q{w}) which is isomorphic to W . Since 
s(w)'s are primitive, div) = and 

d{w) = s^^K{w) = s^^{[sx.,sy]) = [x.,y]. 

□ 

Finally, the following proposition follows easily from the computation of the Koszul dual algebra of A. 



Proposition 4.27. The coalgebra C of Proposition 4-26 is the Koszul dual coalgebra of the algebra A — A{V, I). 
We're now ready to prove Proposition |4.7[ 



Proof of Proposition 4.7 (a) : By Proposition 4.19 we have 

X S^)-Q)^H,{TiW),d) 

where W = V (B Q{w4} and d\v — 0, d{w4) — [x,, yJ. We need to prove that this homology is A := T{V)/I. 
By Proposition |4.25| the algebra A is Koszul. By proposition |4.27| the Koszul dual coalgebra of A is the 
coalgebra C of Proposition |4.26| This implies that the map ilC -> A is a quasi-isomorphism. By Proposition 



4.26 the cobar construction QC is isomorphic to the differential graded algebra {T(W),d). Therefore, we have 
that H, {T{W), d) ^ A = T{V) /I as required. □ 



Proof of Proposition 4.7 (b) : Let C be as in Proposition 4.26 Proposition 4.25 implies that A is Koszul 
and Proposition |4 . 26 1 implies that C is its Koszul dual coalgebra. Hence, the Koszul complex C(E)k. A is acyclic. 
The linear map k is defined as 

K : C — > A, s(v) i-> V, s(w) 1-^ 0, 1 i-> 0. 
The differential d^ is the A-derivation generated by 

'A. 



C ^ C ®C ^^^^ C i 



We expand this out completely using C = Q © ^i^) ® Q{'S(w)}. The vector space V is graded with exactly 
two non-zero degrees 1,2 and dim(t/i) = dim(V2) ~ k. Let Ai be the i"^ graded part of A. Now observe that 



d^:Q<S) Ak 
d^ : s(yi) ® Ak 

■■ s{V2) ® Ak 
: Q{siw)} (g> Ak 





Ak+i 

Ak+2 

s{Vi) (E) Ak+2 (B s(V2) ' 



A 



fe+i- 
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We consider the subcomplexes 

Ck = Q<»Ak® s{Vi) O Ak_i e 5(^2) Ak-2 e Q{sH} O Ak-3 

of the chain complex C (gj^ A which is acyclic. This means that the homology of Cfc is if A; > and Q if 
fc = 0. Therefore the Euler characteristic of Cfe is 

dim(Afc) - fcdim(^fe_i) - fcdim(^fc_2) + dim(Afc_3) = 

In terms of generating series this means 

PA{t){l - kt - kt"^ + 1^) = 1 

and consequently, 

1 

P^W - i_kt-kt^+t^- 

□ 
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